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Abstract
For each vertex s of the subset S of vertices of a graph G, we de1ne Boolean variables
p; q; r which measure the existence of three kinds of S-private neighbours (S-pns) of s. A
3-variable Boolean function f=f(p; q; r) may be considered as a compound existence property
of S-pns. The set S is called an f-set of G if f = 1 for all s ∈ S and the class of all f-sets
of G is denoted by 	f. Special cases of 	f include the independent sets, irredundant sets and
CO-irredundant sets of G. For some f ∈F it is possible to de1ne analogues (involving f-sets)
of the classical Ramsey graph numbers. We consider existence theorems for these f-Ramsey
numbers and prove that some of them satisfy the well-known recurrence inequality which holds
for the classical Ramsey numbers. c© 2001 Elsevier Science B.V. All rights reserved.
Keywords: Irredundance; Generalised irredundance; Generalised Ramsey theory
1. Introduction
In [2] the classes of independent, irredundant and CO-irredundant vertex subsets of a
simple graph G=(V; E) were observed to be special cases of a class 	f. The de1nition
of 	f, which involves a 3-variable Boolean function f = f(p; q; r), is repeated here
for completeness.
The open (closed) neighbourhood of the vertex subset S of G is denoted by N (S)
(N [S]) and as usual, for s ∈ V , N ({s}) and N [{s}] are abbreviated to N (s) and N [s].
A vertex s ∈ S may have one of the three types of S-private neighbour (S-pn) t, which
we now formally de1ne:
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Fig. 1. Graph G for Example 1.
Table 1
S-pns of vertices S for graph G
Type (i) Type (ii) Type (iii)
a b; c e
b
c g
d d h; i
For s ∈ S, vertex t is an
(i) S-self private neighbour (S-spn) of s
if t = s and s is an isolated vertex of G[S];
(ii) S-internal private neighbour (S-ipn) of s
if t ∈ S − {s} and N (t) ∩ S = {s};
(iii) S-external private neighbour (S-epn) of s
if t ∈ V − S and N (t) ∩ S = {s}.
Observe that each such t is an element of N [s]− N (S − {s}) and that no s ∈ S may
have S-pns of both types (i) and (ii).
The negation of a Boolean variable x will be denoted by Dx. For s ∈ S, let p(s; S),
q(s; S), r(s; S) be Boolean variables which take the value 1 if and only if s has an
S-pn of types (i), (ii), (iii), respectively. Wherever possible we use the abbreviations
p; q; r for these variables. Observe that for each s ∈ S; p(s; S) ∧ q(s; S) = 0, i.e. p; q; r
are not independent variables. Let S(s; G) = (p; q; r). Whenever the graph G is clear
from the context, we will abbreviate S(s; G) to S(s). The condition p ∧ q= 0 implies
that S(s) is never (1; 1; 0) or (1; 1; 1).
Example 1. Consider the vertex subset S = {a; b; c; d} of the graph G depicted in
Fig. 1. The S-pns of vertices of S are tabulated in Table 1 and we observe that
S(a) = (0; 1; 1); S(b) = (0; 0; 0); S(c) = (0; 0; 1) and S(d) = (1; 0; 1):
The following de1nition is basic to this work. Let f be a Boolean function of
the three variables p; q; r. The vertex subset S of G is an f-set of G if for all
s ∈ S; f(p; q; r) = 1 (i.e. f(S(s)) = 1). Note that f may be viewed as a compound
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existence=non-existence property of the three types of S-pns of the vertex s ∈ S, and
that S is an f-set if and only if each s ∈ S has that property. The class of all f-sets
of G will be denoted by 	f(G) and abbreviated to 	f whenever possible.
The rows of the truth table of f will be labelled 0; : : : ; 7 so that the entry in row i
is f(p; q; r), where pqr is the binary representation of the integer i (e.g. f(1; 0; 1) is
the 1fth entry in the table). Recall that for each s ∈ S; S(s) is never equal to (1; 1; 0)
or (1; 1; 1). We deduce that the function f′, formed from f by replacing the values
in rows 6 and 7 by 0’s, satis1es 	f′ =	f. In addition, f = 0 gives 	f = ∅ and if f
has 1 in rows 0 to 5 of its truth table, then 	f is the power set of V . Thus, we only
consider the set F of the 62 non-zero functions f with 0’s in rows 6 and 7 and in at
least one other row.
For each f∈F, let Af be the set of rows of the truth table of f in which f = 1.
This sets up a 1–1 correspondence between F and the non-empty proper subsets
of {0; 1; : : : ; 5}. Further, logical implication in F and set containment are related
by
Proposition 1 (Cockayne [2]). Let f; g ∈F. Then
f⇒ g if and only if Af ⊆Ag:
The functions inF will be numbered as follows. Suppose that the value of a function
in the jth row of its truth table is aj and that i is the decimal representation of the
integer whose binary representation is a0a1a2a3a4a5, that is, (i)10 = (a0a1a2a3a4a5)2.
Then the function is denoted by fi. Note that F = {f1; : : : ; f62}. We now present
some special cases.
Example 2. (i) The function p. The truth table column is 0; 0; 0; 0; 1; 1; 0; 0. Thus
Ap = {4; 5} and since 3 (decimal) = 000011 (binary), p=f3. The subset S of V (G)
is an f-set of G if and only if each s ∈ S is isolated in G[S], i.e. S is independent
in G. Thus 	p = 	f3 is precisely the class of independent sets of G.
(ii) The function p ∨ r. The truth table column is 0; 1; 0; 1; 1; 1; 0; 0. Thus
Ap∨r = {1; 3; 4; 5} and since 010111 (binary)= 23 (decimal), p ∨ r = f23. Then
S ⊆V (G) is an f23-set of G if and only if each s ∈ S is isolated in G[S] or has
an S-epn, i.e. S is an irredundant set of G (originally de1ned in [3]). Hence 	f23
is precisely the class of irredundant sets of G. See [11] for a bibliography of approxi-
mately 100 papers concerning irredundance.
(iii) The function p ∨ q ∨ r. The truth table column is 0; 1; 1; 1; 1; 1; 0; 0. Hence
Ap∨q∨r = {1; 2; 3; 4; 5} and p ∨ q ∨ r = f31. Each vertex of an f31-set S has at least
one S-pn, i.e. 	f31 is the class of CO-irredundant sets which are de1ned in [9] and
studied in [5,4,7,14].
(iv) The function p∨q. We have Ap∨q={2; 3; 4; 5} so that p∨q=f15. Note that S
is an f15-set of G if and only if (G[S])61. Such sets were called 1-dependent sets
by Fink and Jacobson [10].
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(v) The function (p ∨ q) ∧ Dr. In disjunctive normal form the function is
(p ∧ q ∧ Dr) ∨ ( Dp ∧ q ∧ Dr) ∨ (p ∧ Dq ∧ Dr):
Since p ∧ q = 0, (p ∧ q ∧ Dr) = 0. Hence A(p∨q)∧ Dr = {2; 4} and (p ∨ q) ∧ Dr = f10.
The subset S of V (G) is an f10-set of G if each s ∈ S has an S-pn of type (i) or
(ii) but no S-pn of type (iii). For example, if a; b; c; d is the vertex sequence of the
graph C4, then 	f10 (C4) = {{a; c}; {b; d}}. For the graph G with V = {a; b; c; d} and
E={ab; bc; ca; da}; 	f10 (G)={{b; c}; {b; c; d}}. Observe that f10⇒f15 and hence the
f10-sets of any graph form a subclass of the 1-dependent sets.
Example 2 motivates us to view the classes 	f as classes of generalised irredundant
sets. For some functions f ∈ F it is possible to de1ne analogues (involving f-sets)
of the classical Ramsey graph numbers. This paper is concerned with the existence and
properties of such analogues. Suppose that each edge of Kn is coloured with one of t
colours and for i=1; : : : ; t, Gi is the spanning subgraph containing all edges coloured i.
Then (G1; : : : ; Gt) is called a t-edge colouring of Kn. Although the classical Ramsey
numbers for graphs are usually de1ned in terms of complete graphs, we change the
de1nition to involve independence for purposes of generalisation. Throughout the rest
of the paper t; n0; n1; : : : ; nt will denote integers which are at least 2. The classical
Ramsey number Rp(n1; n2; : : : ; nt) is the smallest n0 such that for all t-edge colourings
(G1; G2; : : : ; Gt) of Kn (n¿n0), there exists i ∈ {1; 2; : : : ; t} such that the complement
DGi contains an independent set (i.e. a p-set) of size ni.
The existence of these numbers was established by Ramsey’s famous theorem [13].
Our work involves possible generalisations of the above de1nition obtained by replacing
the ‘p’ by a diKerent Boolean function f from F. For example, if p is replaced by
p∨r (respectively, p∨q∨r; p∨q), we de1ne irredundant Ramsey numbers (see [12])
(respectively, CO-irredundant Ramsey numbers [4,7], 1-dependent Ramsey numbers
[6]). There is no problem with existence in these three examples. Since each function
p∨r; p∨q∨r; p∨q is implied by p, the existence of their associated Ramsey numbers
follows immediately from Ramsey’s theorem (see Corollary 3). Such is not the case
for other Boolean functions in F.
The purpose of this paper is to shed further light on the existence and properties of
such Ramsey numbers. Known results from [2] will be included (for completeness) in
Section 2, new existence theorems will appear in Section 3 and f-Ramsey numbers
which satisfy the well-known recurrence inequality will be exhibited in Section 4.
2. Known results on f -Ramsey numbers
We 1rst introduce notation which will be useful for the abbreviation of many later
statements. Let f ∈F and #= (n1; : : : ; nt) be a t-tuple of positive integers. We write
n→ (f; #)
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if for every t-edge colouring (G1; : : : ; Gt) of Kn, there exists i∈{1; : : : ; t} such that DGi
contains an f-set of cardinality ni. We can now state the de1nition of Ramsey numbers
associated with a function f∈F. For f∈F and #=(n1; : : : ; nt), the f-Ramsey number
Rf(#) is the smallest n0 such that for all n¿n0; n→ (f; #). For any permutation $(#)
of {n1; : : : ; nt},
n→ (f; #) if and only if n→ (f; $(#));
hence the existence of Rf(#) implies that Rf(#)=Rf($(#)). For this reason we assume
in the remainder of the paper that (except in Theorem 14) n1¿n2¿ · · ·¿nt . The
de1nition of f-Ramsey numbers and the theorems of this section appear in [2].
Theorem 2 (Cockayne [2]). Suppose that f; g∈F; f⇒ g and the number Rf(#)
exists. Then Rg(#) exists and satis=es Rg(#)6Rf(#).
Corollary 3 (Cockayne [2]). If p⇒f∈F; then Rf(#)6Rp(#).
This corollary establishes the existence of Rfi(#) for i∈{4j+3: j=0; : : : ; 14}. These
include the Ramsey numbers de1ned in the introduction.
Theorem 4 (Cockayne [2]). Let f∈F satisfy f⇒ q∨r (=f29) and n1; n2¿3. Then
Rf(#) does not exist.
Theorem 4 establishes the non-existence of the fi- Ramsey numbers for i∈{1; 4; 5;
8; 9; 12; 13; 16; 17; 20; 21; 24; 25; 28; 29}. The other known results concern a subclass
of F. Let
T= {f∈F: 2i∈Af⇒ 2i + 1∈Af; i∈{0; 1; 2}}:
Theorem 5 (Cockayne [2]). The function f∈T if and only if 	f(H)⊆	f(G) for
all graphs G; where H is any induced subgraph of G.
The well-known recurrence inequality for classical graph Ramsey numbers holds for
certain other f-Ramsey numbers. Let
Ri = Rf(n1; : : : ; ni−1; ni − 1; ni+1; : : : ; nt):
Theorem 6 (Cockayne [2]). If f∈F and p⇒f; then for any # with all ni¿3;
Rf(#)6
t∑
i=1
Ri: (1)
3. New existence results
Our 1rst theorem exhibits a new subclass of F whose members have f-Ramsey
numbers.
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Theorem 7. Let f∈F satisfy f48⇒f and n1; n2¿3. Then Rf(#) exists.
Proof: Let (G1; : : : ; Gt) be any t-edge colouring of Kn, where n¿Rp(n1; n2) (the clas-
sical Ramsey number). Let (H2; H1) be the 2-edge colouring of Kn, where H1=G1 and
H2 is the n-vertex graph with E(H2) =
⋃t
j=2 E(Gj). By de1nition of Rp(n1; n2) there
exists an independent set T of size n1 in DH 2 = H1 = G1 or of size n2 in DH 1 = H2.
In the latter case T is also independent in G2. Thus for i = 1 or 2, T is a complete
subgraph of DGi of size at least ni.
However, f48 = Dp∧ Dq and X is an f48-set of a graph G if and only if ((G[X ])¿2.
It follows that T is an f48-set (and hence an f-set) of DGi of size ni for i = 1 or 2.
Therefore
n→ (f; #);
Rf(n1; : : : ; nt)6Rp(n1; n2)
and the existence is established.
Note that Theorem 7 proves the existence of Rfi(#) for all # satisfying n1; n2¿3
and i∈{48; : : : ; 62}. The functions fi; i = 51; 55; 59 are also covered by Corollary 3.
In order to prove the next non-existence theorem, we need a lemma.
Lemma 8. Let G be the complement of the disjoint union of the graphs H1; : : : ; Hl
and f∈F satisfy 0 ∈Af (i.e. f32 ; f). Then every f-set of G with cardinality at
least three intersects precisely one of the sets V (Hi).
Proof: Let X be an f-set of G with |X |¿3 and suppose, without loss of generality
that there exists xi ∈X ∩V (Hi) for i=1; 2; 3. Observe that each vertex of G has at least
two neighbours in X . Hence x1 has no X -pn which implies that 0∈Af, a contradiction.
Now suppose that X intersects only V (H1) and V (H2) and that {x1; y1}⊆X ∩V (H1)
and x2 ∈X ∩ V (H2). Vertex y1 is not isolated in G[X ] (since y1x2 ∈E(G)). More-
over, any neighbour t of y1 is also adjacent to a second vertex u∈X (where
u= x2 if t ∈V (H1) and u= x1 otherwise). Thus y1 has no X -pn and 0∈Af, the same
contradiction.
Theorem 9. Let f∈F satisfy f⇒f22 and n1¿4. Then the f-Ramsey number Rf(#)
does not exist.
Proof: Let (G1; : : : ; Gt) be the t-edge colouring of Kn, where n¿2 and
G1 ∼=
{ n
2K2 if n is even;
K3 ∪ n−32 K2 if n is odd;
G2 ∼= DG1
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and
Gi ∼= DKn for i = 3; : : : ; t:
Now f22=p⊕r (exclusive ‘or’) and Af22 ={1; 3; 4}. Hence f22 satis1es the hypothesis
of Lemma 8. Therefore, we apply Lemma 8 to the components of G1. Noting that
n1¿4, we deduce that DG1 has no f22-set of cardinality n1. Now DG2 =G1 and DGi ∼= Kn
for i = 3; : : : ; t. None of these graphs has an f22-set. Hence n 9 (f22; #) and Rf22 (#)
does not exist. The contrapositive of Theorem 2 shows the non-existence of Rf(#) for
any f which implies f22.
Note that Theorem 9 asserts non-existence for f2; f6; f18 and f22, and for f4; f16; f20
which are also covered by Theorem 4.
Our next main result will assert non-existence of Ramsey numbers for f26 and f10.
We require two lemmas concerning f26-sets, which are sets X for which each x∈X
has exactly one type of X -pn.
Lemma 10. Let G have girth g(G)¿5. Then DG has no f26-set of cardinality four or
more.
Proof: Suppose contrary to the statement that S is an f26-set of DG containing the
vertices 1,2,3 and 4. If vertex 1 has an S-epn x in DG, then x2; x3 and x4 are in G
and since g(G)¿5, {2; 3; 4} forms a K3 in DG. Therefore, none of 2; 3; 4 is an S-pn of
any vertex of S in DG. Now vertex 1 can be an S-ipn in DG for at most one of 2; 3; 4.
Therefore, without loss of generality, in DG vertex 2 either has an S-epn z or an S-ipn
( ∈ {1; 3; 4}) which has an S-epn z. In either case x; 3; z; 4 is the vertex sequence of a C4
in G, contradicting g(G)¿5. Hence no S-epns exist, which implies that ( DG[S])61.
We deduce that G[S] has a C4, a similar contradiction.
Lemma 11. If g(G)¿k and ((G)¿2k; where k¿4; then G contains no f26-set of
size k or less.
Proof: Suppose, contrary to the statement, that S is an f26-set of G and |S|6k. Choose
any s∈ S and let X = N (s) ∩ (V − S). Since ((G)¿2k, |X |¿2k − (k − 1) = k + 1.
Suppose that s has no S-epn. Then each x∈X is adjacent to a vertex of S − {s}.
Since |X |¿k + 1 and |S − {s}|6k − 1, there exist x1; x2 with a common neighbour
t ∈ S −{s}. Therefore x1; s; x2; t is the vertex sequence of a C4 in G, which contradicts
g(G)¿k¿4. Hence each s∈ S has an S-epn and by the f26 property ((G[S])¿2.
Since |S|6k, G[S] contains a cycle of length at most k, a contradiction.
Theorem 12. If all ni¿3 and n1; n2¿4; then
(i) Rf26 (#) does not exist and
(ii) Rf10 (#) does not exist.
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Proof: (i) We show that there are in1nitely many values of n for which n 9 (f26; #).
Let k = n1 and Hk be a regular graph of degree 2k and girth k + 1. Such graphs
exist by [8] (or see for example [1, p. 344]). Suppose that the order of Hk is mk .
For any positive integer j, consider the t-edge colouring (G1; : : : ; Gt) of Kn, where
n = jmk , in which G2 = jHk (i.e. j disjoint copies of Hk), G1 = DG2 and Gi = DKn
for i = 3; : : : ; t. Now Lemma 11 applies to DG1 = G2 and so DG1 has no f26-set of
size n1. Since G2 has girth at least 5, Lemma 10 asserts that DG2 has no f26-set of
size n2 (¿4). Finally, for i = 3; : : : ; t, DGi = Kn has no f26-set of size ni (¿3) and so
n 9 (f26; #).
(ii) This follows immediately from (i) and Theorem 2 since f10⇒f26.
The 1nal two theorems of this section show that for f14 and f30, the parity of
the ni inOuences the existence of Ramsey numbers. Note that Af14 = {2; 3; 4} and
Af30 = {1; 2; 3; 4}, so that f14⇒f30.
Theorem 13. If all ni are even; then Rf14 (#) and Rf30 (#) exist.
Proof: By Theorem 2 it is suPcient to consider f14. Let (G1; : : : ; Gt) be any t-edge
colouring of Kn, where n¿Rp(#) (the classical Ramsey number). Without loss of
generality, we may assume that DG1 has an independent set I of size n1. Let S be
the class of 1-dependent sets of DG1 of size n1. Observe that S = ∅ since I ∈S. For
S ∈S, let
MS = {x∈ S: x has both an S-spn and an S-epn in DG1}:
Now, 1-dependent sets are f15-sets, Af15 = {2; 3; 4; 5} and Af14 = {2; 3; 4}. Therefore
S ∈S is an f14-set if MS = ∅. We show that a set X ∈S with the smallest number
of isolated vertices in DG1[X ] satis1es MX = ∅.
Suppose x∈X is isolated in DG1[X ] and has X -epn v in DG1. Since n1 is even, there
exists at least one other isolated vertex y of DG1[X ]. Then X ′ = (X − {y}) ∪ {v} is a
1-dependent set of DG1 of size n1 with fewer isolated vertices, contrary to the de1nition
of X . Hence MX = ∅, X is an f14-set in DG1 and n→ (f14; #).
We re-emphasize that in the next theorem only, the restriction n1¿ · · ·¿nt is not as-
sumed. We would otherwise lose generality in the result which shows the non-existence
of Ramsey numbers in some cases where at least one of the ni is odd.
Theorem 14. Let n1; : : : ; nt be integers such that
(i) ni¿3 for each i = 1; : : : ; t;
(ii) n1 is odd and n2¿4; and
(iii) the non-increasing order condition does not necessarily hold.
Then Rf14 (#) and Rf30 (#) do not exist.
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Proof: By Theorem 2 it is suPcient to consider f30. Consider the t-edge colouring
(G1; : : : ; Gt) of Kn (n¿2) in which G2 ∼= (n=2)K2 if n is even or G2 ∼= K3∪((n−3)=2)K2
if n is odd, G1 = DG2 and Gi = DKn for i = 3; : : : ; t. Now Af30 = {1; 2; 3; 4} and so X
is an f30-set if and only if for each x∈X , x has an X -ipn or an X -pn of exactly
one of the types (i) or (iii). The number of vertices of an f30-set S of DG1 = G2 in
any component of G2 is 0 or 2. Hence |S| is even and DG1 has no f30-set of size
n1. Since 0 ∈Af30 , we deduce from Lemma 8 that DG2 has no f30-set of size n2¿4,
while for i = 3; : : : ; t, DGi = Kn has no f30-set of size ni¿3. Thus n 9 (f30; #) for
n¿2.
4. The Ramsey recurrence inequality
In this section we prove that there are f-Ramsey numbers for f∈T which satisfy
the recurrence inequality (1) but do not satisfy the hypothesis p⇒f of Theorem 6.
We require a further de1nition.
Let T1 be the set of all functions f∈F such that for all graphs G, each f-set X
of G and each x ∈X which is adjacent to each vertex of X , the set X ∪{x} is also an
f-set. The next result characterises the set T1.
Theorem 15. The function f∈T1 if and only if
(i) {0; 1}⊆Af (i:e. f48⇒f) and
(ii) Af ∩ {4; 5} = ∅⇒{2; 3}⊆Af.
Proof: Suppose that f satis1es (i) and (ii), let X be an f-set of G and x∈V (G)−X
be a vertex which is adjacent to each vertex of X . We must prove that X ′ = X ∪ {x}
is an f-set. Let s∈X ′ and observe that s is not isolated in G[X ′].
If s has an X ′-ipn t, then either s=x and t is isolated in G[X ], or t=x and X ={s}.
Hence there exists y∈X (y∈{s; t}) with X (y)∈{(1; 0; 0); (1; 0; 1)} and since X is an
f-set, Af ∩ {4; 5} = ∅. By (ii), {2; 3}⊆Af, which implies f(X ′(s)) = 1.
If s has no X ′-ipn, then X ′(s)∈{(0; 0; 0); (0; 0; 1)} and by (i), f(X ′(s)) = 1.
The preceding two paragraphs show that X ′ is an f-set, as required.
Conversely, let f∈T1. It is easily veri1ed that for any f∈F, there exists a graph
with a non-singleton f-set. Choose any graph G0 with non-singleton f-set X . Form
G1 from G0 by the addition of a single vertex x which is adjacent to every vertex of
G0. For each s∈X , X (s; G0) = X (s; G1) and so X is an f-set of G1. Since f∈T1,
X ′ = X ∪ {x} is also an f-set of G1. Let v∈X and observe that v has no X ′-pn in
G1. Therefore 0∈Af.
Let G2 be the graph formed by joining a vertex t to precisely one vertex x of K4.
Let X = V (K4) − {x} so that x is adjacent in G2 to each vertex of X . Since 0∈Af,
X is an f-set of G2. But f∈T1 and so X ′ = V (K4) is also an f-set of G2. Since
X ′(x; G2) = (0; 0; 1), we deduce that 1∈Af.
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Now suppose 4∈Af. Let Y =(V (K4)−{x})∪{t} in the graph G2 of the preceding
paragraph, so that x is adjacent in G2 to each vertex of Y . Note that Y is an f-set of
G2 ({0; 4}⊆Af) and so Y ′=Y ∪{x} is also an f-set of G2 (f∈T1). Since Y ′(x; G2)=
(0; 1; 0), 2∈Af. Form the graph G3 by joining a new vertex y to the vertex x of G2.
Now Y , and hence Y ′ (since f∈T1), is an f-set of G3. However, Y ′(x; G3)=(0; 1; 1),
i.e. 3∈Af.
Lastly, suppose 5∈Af. Augment both G2 and G3 by a new vertex u joined to t.
The argument of the preceding paragraph then proves that {2; 3}⊆Af, as required.
We next exhibit another subclass of F whose Ramsey numbers satisfy the classical
recurrence inequality (1).
Theorem 16. Let f∈T ∩T1 and let # satisfy
(i) t¿3 and n1; n2; n3¿3; or
(ii) t = 2 and n1; n2¿4.
Then Rf(#)6
∑t
i=1 R
i.
Proof: Since f∈T1 implies that f48⇒f (Theorem 15), the restrictions on # im-
ply that all f-Ramsey numbers involved exist (by Theorem 7 and symmetry). Let
n¿
∑t
i=1 R
i and (G1; : : : ; Gt) be any t-edge colouring of Kn. We show that for some
i∈{1; : : : ; t} a 1xed vertex x is adjacent to Ri vertices in DGi. Suppose this is not true
and that x joins exactly xi vertices in Gi. Then for each i∈{1; : : : ; t}, n− 1− xi ¡Ri,
i.e. n− xi6Ri. Summing over i we obtain
t∑
i=1
(n− xi)6
t∑
i=1
Ri6n:
Hence,
tn− (n− 1)6n;
which gives
n(t − 2)6− 1;
a contradiction.
Without loss of generality, we may assume x is adjacent in DG1 to the R1 vertices of
a set X . By de1nition of R1, DG1[X ] has an f-set S1 of size n1 − 1 or DGj[X ] has an
f-set Sj of size nj. In the latter case, since f∈T, Sj is an f-set of DGj. In the former
case S1 is an f-set of DG1 (since f∈T). But f∈T1, hence S1 ∪ {x} is an f-set of
DG1 and so n→ (f; #).
Note that
T= {fi: i∈ I1 ∪ I2 ∪ I3};
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where
I1 = {3; 7; 15; 19; 23; 31; 51; 55};
I2 = {48; 49; 52; 53; 60; 61}
and
I3 = {1; 4; 5; 12; 13; 16; 17; 20; 21; 28; 29}:
The fi-Ramsey numbers exist for i∈ I1 (Corollary 3) and for i∈ I2 (Theorem 7).
They do not exist for I3 (Theorem 4). The recurrence inequality holds for i∈ I1
(Theorem 6) and for i∈{48; 52; 60; 61}⊂ I2 (Theorems 15 and 16). It is not known
whether the Ramsey numbers for f49 and f53 satisfy the inequality.
For f∈T1 the f-set property is preserved under the operation of adding a new
vertex which is adjacent to every vertex of an f-set. It is natural to ask the question:
For which f∈F is the f-set property preserved under the addition of a new
vertex which is adjacent to no vertex of an f-set?
This is clearly true for the function p= f3 (independence). We formalise and extend
this in the next result.
Let T2 be the set of functions f∈F such that for all graphs G, each f-set X of G
and every x∈V (G)−X such that x is not adjacent to any vertex in X , the set X ∪{x}
is also an f-set of G.
Theorem 17. The function f∈T2 if and only if
(i) {4; 5}⊆Af (i:e: p⇒f) and
(ii) 2i + 1∈Af⇒ 2i∈Af; for i∈{0; 1}.
Proof: Let f∈F satisfy (i) and (ii), X be an f-set of G and x∈V − X be a
vertex which is not adjacent to any vertex in X . Set X ′ = X ∪ {x} and observe
that X ′(x)∈{(1; 0; 0); (1; 0; 1)}. Since {4; 5}⊆Af; f(X ′(x)) = 1. For any s∈X;
f(X (s)) = 1 (since X is an f-set) and deg(s; G[X ′]) = deg(s; G[X ]). If X (s) =
(p; q; 0), then X ′(s)=X (s), which implies that f(X ′(s))=1. Otherwise X (s)=(p; q; 1)
and X ′(s)∈{(p; q; 1); (p; q; 0)} (since X -epns of s are not necessarily X ′-epns of s).
If X (s) = X ′(s), we have f(X ′(s)) = 1. The remaining three situations are
X (s) = (0; 0; 1) and X ′(s) = (0; 0; 0): In this case 1∈Af, which implies 0∈Af (by
(ii)) and so f(X ′(s)) = 1.
X (s)=(0; 1; 1) and X ′(s)=(0; 1; 0): Here 3∈Af, which implies 2∈Af (by (ii)) and
so f(X ′(s)) = 1.
X (s) = (1; 0; 1) and X ′(s) = (1; 0; 0): In this case f(X ′(s)) = 1 by (i).
The above shows that f(X ′(u)) = 1 for all u∈X ′. Therefore X ′ is an f-set and
f∈T2.
Conversely, let f∈T2. Choose any graph G0 which has an f-set X of cardinality
at least two and let G1 be the disjoint union of G0 and a single vertex x. Then X is an
f-set of G1 and since f∈T2, X ′=X ∪{x} is an f-set of G1. But X ′(x; G1)=(1; 0; 0)
and so 4∈Af.
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Let G2 be the disjoint union of a single vertex t and a single edge xy. The set
X ={t} is an f-set of G2 (4∈Af) and since f∈T2, X ′=X ∪{x}={x; t} is an f-set
of G2. Now X ′(x; G2) = (1; 0; 1) and so 5∈Af.
Next suppose that 1∈Af. Form the graph G3 from a triangle v1v2v3 and extra
vertices x; u1; u2; u3 by the addition of edges uivi and uix for i∈{1; 2; 3}. Then
X = {v1; v2; v3} is an f-set of G3 and so X ′ = X ∪ {x} is also an f-set (f∈T2).
Since X ′(v1) = (0; 0; 0), we deduce that 0∈Af.
Suppose 1nally that 3∈Af. Let v1; : : : ; v5 be the vertex sequence of C5. Then x =
{v1; v2} is an f-set and since f∈T2, X ′={v1; v2; v4} is also an f-set. Since X ′(v1)=
(0; 1; 0), we deduce that 2∈Af. Hence f has properties (i) and (ii) as required.
Since the functions f∈T ∩T2 = {f3; f15; f51} satisfy p⇒f (Theorem 17), they
satisfy the recurrence inequality by Theorem 6.
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